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Low Reynolds Number Navier-Stokes Simulation
for Rotating Liquid-Filled Containers

Michael J. Niisca*
U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland 21005

Three-dimensional, steady, laminar, incompressible Navier-Stokes equations are solved using an implicit
finite-difference scheme based on successive over-relaxation. These low Reynolds number numerical simulations
are used to predict the behavior of liquids undergoing steady spin and steady precession at a fixed precession
angle. Low Reynolds number simulations are applicable to slowly spinning vehicles or highly viscous liquid
payloads. The liquid is contained in a fully filled axisymmetric container; the particular geometry examined in
this paper is a right-circular cylinder with flat or rounded endcaps. Numerical predictions of viscous and
pressure moments due to the liquid fill at low Reynolds number are reported. These moments tend to increase
the precession angle and reduce the spin rate of the container. Liquid-induced roll and side (yaw) moments are
computed as functions of endcap height to cylinder radius (0 < e/a < 1), cylinder half-height to radius (0.5 < c/
a < 4), Reynolds number (20 < Re < 3 X 102), ratio of precession to spin rate (0.05 < r < 0.95), and precession
angle (ac = 2 deg). For a given cylinder, rounded endcaps can decrease the resonant liquid-induced moment by
about 20% and shift the resonance to a smaller Reynolds number (for fixed precessional frequency). Thus,
rounded endcaps can produce flight stability for some projectiles with highly viscous liquid payloads.
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Nomenclature
radius of cylinder section
liquid in-plane moment coefficient
steady-state liquid roll moment coefficient due to
precessional motion
liquid roll moment coefficient due to transient
liquid spinup
liquid side moment coefficient
half -height of cylinder section
aspect ratio of cylinder section

ratio of endcap height to cylinder radius
shear stress on the container surface
total number of grid points in the radial,
azimuthal, and axial directions, respectively
grid indicies for the radial, azimuthal, and axial
directions, respectively

yaw growth rate
angular momentum
mass of liquid in a fully filled cylindrical
container, = 2irpa2c
static pressure
Reynolds number, = a2<j>/v
radius or radial direction
position vector
control surface
time
velocity components in the radial, azimuthal, and
axial directions, respectively
velocity vector
control volume
axial direction
d/dr + (l/r)d/d(t> + d/dz
precession angle
parameter
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fji - molecular viscosity of the liquid
v = kinematic viscosity of the liquid, \i/p
p = density of the liquid
T = ratio of precession rate to spin rate, = </>c/<£
4> = azimuthal angle or azimuthal direction
</>c = phase angle of the precessional motion
0 = spin rate of the container in the inertial

frame, = 05 + </>ccoscec
<j>c = spin rate of the container about the precession axis
05 = spin rate of the container about the geometric axis

Introduction

T HE flight stability of liquid-filled, spin-stabilized projec-
tiles has been considered for a wide variety of condi-

tions.1 Most experience in rotating liquid flows is for cases
where the rotational force is much larger than the viscous
force, i.e., large Reynolds number flows. However, D'Amico
and Miller2'3 have observed significant yaw and despin mo-
ments induced by liquid payloads for low Reynolds number
flows (5 < Re < 1.2 x 104). This range of Re is applicable to
slowly spinning vehicles or highly viscous liquid payloads.
Originally, theories and experiments were formulated for large
Reynolds number flows in cylindrical payload containers.1'4'5
Nonsteady effects must be considered for practical applica-
tions and large Reynolds number, for example, spinup. How-
ever, if the Reynolds number is small (Re < 5 x 102), the ef-
fects of unsteady processes may be neglected.6 It is then
possible to employ a steady finite-difference solution to the
incompressible Navier-Stokes equations for a fixed precession
angle and steady rates of spin and precession. This paper
describes the steady-state finite-difference method of Strik-
werda and Nagel,7 which has been extensively investigated by
Nusca6 for fluid-filled cylindrical containers, and the exten-
sion of this code to noncylindrical axisymmetric geometries. In
particular, the case of a cylinder with rounded endcaps (see
Fig. 1) is investigated.

A spatial eigenvalue method has been developed by Hall et
al.8 (denoted HSG) for fully filled cylindrical containers and
constant-amplitude coning (precessional) motion. Murphy et
al.9 extended HSG to partially filled cylinders, fully filled
concentric cylinders, two immiscible liquid fills, and slow
changes to coning amplitude. For HSG, the Navier-Stokes
equations are written in an inertial reference frame and re-
duced to linear partial differential equations based on small
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angle coning motion and linear departures from solid-body
rotation. No-slip boundary conditions are imposed on cylin-
der walls making flow variables proportional to ei(ft~® where
/ is the component of spin along the symmetry axis and / =
(— 1)1/2. A particular solution is employed that satisfies the
cylinder axis and lateral wall boundary conditions but not
end-wall conditions. An eigenvalue problem is obtained using
separation of variables from which an infinite sequence of
complex eigenvalues is generated. The eigenvalues are deter-
mined by an iterative process for which sufficiently accurate
initial estimates are required for convergence. The flow vari-
ables are expressed as eigenfunction expansions with the coef-
ficients determined by satisfying the end-wall boundary condi-
tions. A least-squares and collocation method have been used
for this purpose. Favorable comparisons have been achieved
between measured liquid moment coefficient, the HSG code,
and a finite-difference code for cylindrical geometries.6 How-
ever, spatial eigenvalue methods require significantly less com-
puter run time.

A theory for noncylindrical, axisymmetric, liquid-filled
containers has been presented by Wedemeyer.10 This theory is
derived from the linearized, inviscid Navier-Stokes equations,
thus, Re = oo. Using this theory, the approximate eigenfre-
quencies of the liquid oscillations can be computed. Liquid
moments occur whenever any of the eigenfrequencies fall
within a certain bandwidth of the fast yaw (precessional)
frequency of the projectile. Liquid-filled, noncylindrical cavi-
ties were examined where the radius of the cavity is a slowly
varying function of the distance along the cavity axis (z direc-
tion), |da/dz| <^ 1. For cylindrical cavities, the inviscid eigen-
frequencies are computed exactly and given in Stewartson
tables.11 For small deviations from cylindrical shape, small
changes of the eigenfrequencies must be expected. Karpov12

showed experimentally that rounding the corners of the cylin-
drical cavity produced very little effect on the range of insta-
bility. However, considerable change resulted from modifica-
tions such as the conical reduction of one or both ends of the
cavity. Wedemeyer's theory agreed favorably with Karpov's
data.

Strikwerda and Nagel7 have developed a steady-state, finite-
difference, incompressible Navier-Stokes method for fully
filled cylindrical containers. The code employs an implicit,
iterative, finite-difference method based on modified line suc-
cessive over-relaxation and a pressure update from the gradi-
ent of the velocity field. This code (denoted UWISC for Uni-
versity of Wisconsin) employs a nonuniform grid to resolve
the velocity and pressure gradients near the cylinder walls,
central finite differences in the radial and axial directions, and
pseudospectral differencing to represent the azimuthal depen-
dence. Comparison of UWISC with experimental data, other
finite-difference codes, finite-element codes, and analytical
methods is reported by Nusca.6

Developed at the U.S. Army Ballistic Research Laboratory
(BRL), the present code is a modified version of UWISC
(denoted UWISC/BRL). Like the UWISC code, the UWISC/
BRL code uses a finite-difference method for the nonlinear
Navier-Stokes equations and low Reynolds number. The con-
tained flowfield and the liquid-induced moments are com-
puted for axisymmetric containers of arbitrary shape. One ap-
plication is for cylinders with rounded endcaps where \da/
dz | >0. The endcap geometry consists of a circular arc where
the cap height above the flat endwall, at the axis of the cylin-
der, is denoted e/a. For a hemispherical endcap, e/a = 1 (see
Fig. 1).

Computational Approach
In this section, the implicit finite-difference method is de-

scribed. The approach follows that of Strikwerda and Nagel7

for a cylindrical container. In certain aspects of the method,
basic changes were required for a noncylindrical container
(e.g., computational grid, grid stretching, boundary condi-
tions). In particular the numerical code was originally written

Fig. 1 Cylinder with rounded endcaps, configuration and nomen-
clature; hemispherical endcap, e/a = 1, shown.

0 . 0 0 0 0 0 . 4 9 7 2 0.9944 1.4916 1.9888 2.486
r/Q

Fig. 2 Typical computational grid; hemispherical endcap, e/a = 1,
shown.

assuming cylindrical geometry throughout. Certain other as-
pects of the method are applicable to a noncylindrical, axisym-
metric container (e.g., pseudospectral differencing). These
differences and similarities in the method are highlighted in
the following.

Consider a fluid-filled container that is spinning about its
geometric axis with spin rate Q5 and about the precession axis
with spin rate </>c (see Fig. 1). The precession axis is fixed in the
inertial reference frame. The container axis is inclined to the
precession axis by a fixed angle cxc. The fluid velocity V and
pressure/? in the container are governed by the incompressible
Navier-Stokes equations for constant viscosity /n. These
equations in an inertial, Cartesian coordinate system are given
by

p —— = - Vp + )LiV2F

V - F = 0

(1)
(2)

Equations (1) and (2) can be transformed to a noninertial
reference frame so that the fluid motion becomes steady and,
thus, time derivatives are zero, d/dt = 0. This reference frame
rotates with angular velocity <£c about the precession axis and
was also used by Strikwerda and Nagel.7 Reference 7 gives the
details of the transformation. In addition, the cylindrical
coordinate system is used in which the radial,--azimut-hal, and
axial directions are denoted r,<£,z with velocity components
w,v ,w, respectively. The cylindrical coordinate system is also
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used in the endcaps where the grid lines are not aligned with
the r,z directions (Fig. 2).

Equations (1) and (2) are nondimensionalized by the maxi-
mum radius of the container a , and with the inertial spin rate
(0 = Q5 + 0C cosac) and the container radius as the velocity
scale (0</>). Thus, the Reynolds number and the precessional
frequency are defined as Re = a2<j>/v and T = 0c/</>, where the
kinematic viscosity of the fluid is v = p/p. Solid-body rotation
is subtracted from the velocity and the pressure is redefined
such that,

^ ~ ^computed + ^solid body + T X f (3)

P ^computed + (>*2/2) + r2T COSOic

+ (rV2)[(r cos<£ cosac + z sincec)2 + r2 sin2ojc] (4)

The resultant equations are given by Strikwerda and Nagel7

and Nusca.13

The equations of motion are solved on a discrete grid that
covers the entire flow domain. Figure 2 shows a typical grid
for a cylinder of aspect ratio c/a = 1.486 with rounded end-
caps of height e/a = 1. Only the portion of the container
bounded by 0 <r/a < 1, <t> = 0 deg, 0 < z/a < (c/a + e/a) is
displayed in Fig. 2. The grid consists of 31 points in the r
direction, 12 points in the </> direction, 81 points in the z
direction, and 19 points in the endcaps (i.e., 5-deg spacing).
Grid refinement studies show that computed liquid side mo-
ment is insensitive to larger grid dimensions for c/a — 1.486.
The particular grid configuration was chosen for the endcap
region to insure that grid cells are four sided in the constant 0
plane, except at the axis where r/a =0. The axis grid line is a
boundary, along which boundary conditions are prescribed,
and is not part of the computational domain. Multiple grid
points at this location are accounted for in the boundary
conditions. Grid stretching is used to insure adequate grid
spacing at the walls so that boundary layers and viscous shear
stresses are accurately resolved. This is accomplished using the
transformations given in Ref. 14.

The numerical method used to solve the equations of mo-
tion is based on the finite-difference scheme of Strikwerda15

and a pseudospectral method. Finite differences are used to
approximate derivatives in the radial r and axial z directions
and the pseudospectral method is used to approximate deriva-
tives in the azimuthal direction </>. For example,

-Pk-\

bp\ (J&'
TT ) . . « L ™i>ri)k cosn (t>j - nbi>nik shirt 0, (6)

•<*i,n,k=- L AM SJ j = o
2 J~l

bi,n,k = - Ll PiJ.k
J y = 0

where i,j,k represent the radial, azimuthal, and axial grid
indicies, respectively, with / = 1 to I9j = 1 to /, and k - 1 to
K. Grid spacing in the axial direction is represented by Az.

Use of the pseudospectral method is possible since the flow
variables vary in a periodic fashion in the </> direction.7 Since
the noncylindrical geometry under consideration in this paper
is also axisymmetric, the periodicity in </> is preserved in the
endcaps. This results in substantial savings in computer mem-
ory and execution time requirements. The boundary condi-
tions on the container walls follow from the no-slip condition
for velocity and extrapolation from the interior flow for the
pressure. The boundary conditions on the container axis (z
axis) are obtained using interpolation from neighboring grid
points. Variables at the grid points on the container axis at the

interface between the cylinder and the endcaps (r = 0, z = \c/
a\) are assigned equal values. These values are obtained using
interpolation from neighboring grid points. See Ref. 13 for
further details.

The system of nonlinear equations is solved using a modified
line successive over-relaxation method (LSOR). The method is
described by Strikwerda16 for the case of linear finite-differ-
ence equations. Because the pseudospectral method is used in
the azimuthal direction, line relaxation is utilized. In this case,
each line contains the grid points in the azimuthal direction for
each value of the radial and axial coordinates. This approach
is unchanged for the noncylindrical axisymmetric geometry.
The coupling between the velocity components and the natural
periodicity of the azimuthal coordinate leads to a periodic
system of equations. Thus, the system of equations that must
be solved to determine the velocity updates for each radial and
axial grid location is a block tridiagonal periodic linear system.
After the velocity has been updated by one pass of the LSOR,
the pressure is updated using,

m+ 1
(7)

where m is the iteration index and /3 is a parameter. Thus,
V • V = 0 is not solved but rather V • V - d where 6 is on the
order of the truncation error for a second-order scheme.

Calculation of Liquid-Induced Moments
Murphy17 suggested the use of roll and side moment coeffi-

cients CLRM and CLSM for small, fixed precession angles ac as
defined by,

liquid roll moment = mia2<t>2[CLRMo + TK2CLRM] (8)

liquid transverse moment = mia2^2r[CLsM + iCLIM]Kce^c (9)

where mi is the mass of liquid in a fully filled cylindrical
container (mt = 2irpa2c) and /=(-l) 1 / 2 . Further, Ref. 17
gives a relationship between these moment coefficients for the
linearized Navier-Stokes equations such that for small preces-
sion angles and independent of the Reynolds number,
CLRM = — CLSM- For arbitrary precession angles, Rosenblat et
al.18 have shown that CLRM = - CLSM tanac.

Conservation of angular momentum for the steady flow in
a control volume V with surface S rotating with constant
angular rate 0 about a fixed axis requires

M = (r x F) dS = r x (2ft x V)p dV
}S J K

+ r x [ft x (fl x r)]p dV + (r x F)pF • dS (10)

where the velocity V is measured relative to the noninertial
reference frame. In this equation, M and Fare the resultant
moment on the control volume and the stress acting on the
walls of the fully filled container, respectively. The last term
on the right side of the Eq. (10) vanishes since V - dS = 0 on
all boundaries. Thus, the moment can be calculated using the
surface-integral approach or the volume-integral approach.
The moment can be expressed in terms of the Cartesian com-
ponents, M = (Mx,My,Mz), which denote the yaw, pitch, and
roll moments, respectively. The yaw and roll components
correspond to the side and roll moment coefficients CLSM and
CLRM [see Eqs. 8 and 9]. Using the volume-integral approach,
Herbert and Li19 and Rosenblat et al.18 have shown that the
nondimensional yaw and roll moments (nondimensionalized
by pa5(t>2) for a cylindrical control volume can be expressed as

M, = 2 COSQ;
O JO

[wr2 cos</>] dr d<£ dz (1 1)
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Mz - — Mx

thus,

CLSM =
1

7r(c/fl) tancxc J ^ o Jo

CLRM = ~ CLSM tana,

(12)

[wr2 cos</>] dr d<£ dz (13)

(14)

where 77 = c/a and rmax = 1. Murphy et al.9 have also derived
and utilized the volume integral in the spatial-eigenvalue
method. For a control volume consisting of a cylinder with
rounded endcaps, Eqs. (13) and (14) are used with rj = c/
a + e/a and rmax = rmax(z).

Results
In this section, the effects of rounded endcaps vs flat end

walls on the liquid-induced side moment coefficient CLSM is
examined for a fully filled cylindrical container. Results are
shown for the original cylinder-only version of the finite-dif-
ference code, UWISC, and the HSG spatial eigenvalue code
for cylindrical geometries. For noncylindrical geometries, re-
sults from the generalized axisymmetric geometry version of
the finite-difference code, UWISC/BRL, are presented. Mo-
ments were computed using both the surface-integral and the
volume-integral approach. These methods yielded equivalent
numerical results for all cases presented in this paper. How-
ever, the volume-integral approach requires less computa-
tional effort. Because the HSG code is formulated assuming
small precession angle, the UWISC and UWISC/BRL compu-
tations were performed using ac = 2 deg in order to compare
results. Liquid moments have been shown to be linear in
precession angle for ac < 2 deg and low Reynolds number.6
UWISC computations presented in this section were per-
formed using the same grid dimensions with variable grid wall
spacing. All HSG computations were performed using 15-40
eigenvalues for Reynolds number 20-3 x 102. In some cases, a
cubic spline was used to join discrete data points in the
following figures.

Figure 3 shows the variation of CLSM with endcap height e/a
for a cylinder of aspect ratio, c/a = 1.486. The height of the
endcap is measured at the cylinder axis (see Fig. 1). For
e/a = 0, the container is a cylinder with flat end walls, and for
e/a = 1, the endcaps are hemispherical. The same value of
CLSM for the cylindrical geometry is produced by the UWISC/
BRL and HSG codes. The value of CLSM decreases with in-
creasing endcap height. This suggests that the liquid side mo-
ment can be reduced by as much as 20% by rounding the end
walls of a cylinder with aspect ratio c/a = 1.486 at Re = 50.
The value of the precession frequency used in this figure
(T = 0.0469) is typical of ballistic projectiles with liquid pay-
loads. Since an endcap height of 1 represents the limiting case,
all subsequent calculations are for e/a = 1.

Re = 50, r = .0469, c/a = 1.486, ac = 2 deg.

13 0.015
0

A HSG (CYLINDER), E/A = 0
O UWISC/BRL__________

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Rounded Endcap Height, e/a

Fig. 3 Variation of liquid-induced side moment coefficient with
rounded endcap height.
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Fig. 4 Variation of liquid-induced side moment coefficient with
Reynolds number.
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Fig. 5 Variation of CRAY-XMP/48 CPU time with Reynolds num-
ber.

Re = 50, r = .0469, ae = 2 degs.

A HSG (CYLINDER). E/A = 0_____
O UWISC/BRL (CYLINDER) , E/A = 0

-y-UWJSC/_B_RL.,.E/A_=_.1.__

0 0.5 1 1.5 2 2.5 3 3.5 4
Cylinder Aspect Ratio, c/a

Fig. 6 Variation of liquid-induced side moment coefficient with
precessional frequency.

Figure 4 shows the variation of CLSM with Reynolds number
for T = 0.0469, endcap heights of 0 and 1, and a cylinder of
aspect ratio of 1.486. For the cylindrical geometry, both the
UWISC/BRL and HSG codes show the same variation of
liquid side moment with Re including a maximum, or reso-
nance, at about Re = 75. Results using the UWISC/BRL code
for the same cylinder with hemispherical endcaps show a
resonant condition at about Re = 50. In addition, the value of
CLSM at resonance is about 20% smaller for the cylinder with
rounded endcaps. For Re = 21.5, the liquid side moment is
actually 12% smaller for the cylinder with flat end walls.
However, for Re greater than the resonance value, the addi-
tion of rounded endcaps has reduced the CLSM by as much as
55%.
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Re = 50, c/a = 1.486, occ = 2 degs.

A HSG (CYLINDER). E/A = 0
O UWISC/BRL (CYLINDER), E/A = 0
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Fig. 7 Variation of liquid-induced side moment coefficient with
cylinder aspect ratio.

As noted in a previous study6 the UWISC code becomes
computationally inefficient for for Re >3 x 102. Figure 5
shows the variation of computer (CRAY X-MP/48) CPU time ,
with Reynolds number. In each case, the solution for a partic-
ular Re was used as a starting condition for the subsequent Re
solution. Since the computer time required increases in an
almost linear fashion with Re when scratch starts are used, the
restart method results in a substantial savings in computer run
time. For Re < 1 x 102, solutions can be achieved in 2-4 h
using about 30,000 grid points for the cylindrical geometry
and 7000 additional grid points for the rounded endcaps.
Based on grid refinement studies, these values are considered
more than adequate for c/a = 1.486. In a previous study6 with
cylindrical containers, computer run times were slightly less
than 2 h for the same value of c/a since a smaller grid was
used. The Re = 1 x 102 solution for the cylindrical container
required slightly more computer time than the cylinder with
rounded endcaps. The data from Fig. 4 indicates that the
maximum CL$M also occurs at about Re = 1 x 102. This shows
that rounding the cylinder endcaps may promote faster solu-
tion convergence. For larger values of Re, the computer run
time rapidly increases beyond 5 h and approaches 12 h for
Re = 3 x 102. Some reduction in run time (< 5%) can be
realized by changing the value of /3 in Eq. (7) (i.e., a converged
solution would require fewer iterations) or relaxing the con-
vergence tolerance. Partially converged solutions (i.e., using
relaxed convergence tolerance) for Reynolds numbers around
10 can require < 2 CPU h using a minicomputer (e.g., VAX
8600) and can be used for preliminary design applications;
however, this technique results in severe degradation in the
accuracy of CLSM values for Re > 20 due to the slower conver-
gence of pressure and the dependence of CLSM on p.

Figure 6 shows the variation of CLSM with precession fre-
quency for Re = 50, endcap heights of 0 and 1, and a cylinder
of aspect ratio of 1.486. For the cylindrical geometry, both the
UWISC/BRL and HSG codes show the same variation of
liquid side moment with T, including a resonance at r = 0.5.
Results using the UWISC/BRL code for the same cylinder
with hemispherical endcaps show a resonant condition at
T = 0.65, with a value of CLSM about 20% larger than the CLSM
for a cylinder. For T >0.35, the liquid side moment is actually
50% smaller for the cylinder with flat end walls. However, for
T smaller than the resonance value, the addition of rounded
endcaps has reduced the CLSMby as much as 19%. As noted in
a previous study6 the UWISC code cannot be run for r > 1,
whereas the HSG code has been used for precession frequen-
cies greater than the spin frequency. This condition can be
resolved by reformulating the UWISC code and dividing the
governing equations by T.

Figure 7 shows the variation of CLSM with cylinder aspect
ratio for Re = 50, r = 0.0469, and endcap heights of 0 and 1.

For the cylindrical geometry, both the UWISC/BRL and HSG i
codes show the same variation of liquid side moment with
c/a, including a resonance at c/a = 1.2. Results using the
UWISC/BRL code for the same cylinder with hemispherical
endcaps show a resonant condition at c/a = 0.6, at about the
same value of CLSM- For c/a greater than 1.0 the liquid side
moment is up to 19% smaller for the cylinder with rounded
endcaps. For c/a greater than 2 the value of CLSM is only 2%
smaller for cylinders with rounded endcaps. The value of CL$M
approaches 0 as c/a approaches 0 for both the cylinder with
flat end walls and the cylinder with hemispherical endcaps. In
the case of the hemispherical endcaps, for c/a = 0 the con-
tainer is a sphere. For a sphere, the integration of pressures
over the symmetric interior geometry will not produce a con-
tribution to CLSM- Additionally, viscous shear stresses will be
zero since, for a sphere, steady rotation and precession is
simply rigid-body rotation about a different axis.

Conclusions
The three-dimensional, steady, laminar, Navier-Stokes

equations are solved using an implicit finite-difference scheme
based on successive over-relaxation. The method of Strik-
werda, for fluid-filled cylindrical containers, has been ex-
tended to noncylindrical axisymmetric geometries. The liquid
side moment coefficient for a cylinder with rounded endcaps
is investigated using this code for Reynolds number,
20</?e<3x 102. Rounded endcaps can decrease the liquid-
induced moment by 20-50% over the cylinder with flat end
walls for some values of the Reynolds number, precession
frequency, and cylinder aspect ratio.
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